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Abstract 

The role of symmetry in gauge theories at finite temperatures 
is discussed. This symmetry is studied in terms of Ao-effective poten- 
tial. We consider two- and four-dimensional models where the question 
on physical interpretation of minima of Ao-effective potential can be 
considered exactly. It is shown that the correct result for the parti- 
tion function can be obtained by summation of contributions near all 
minima of the Ao-effective potential. 
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1 Introduction 



The Matsubara formalism is a convenient tool to study static properties of a 
theory at finite temperatures Q. A quantum field theory partition function 
at finite temperatures can be represented in the following form 

Z = J V(f) i {t,x)e-So dt S d3xL ^-^ t ^; (1) 

where L euc i is a Lagrangian in Euclidean space-time; the (anti)periodic 
boundary conditions are imposed on the (fermi) boson quantum fields: <p(t = 
0,x) = 4>{t = j3,x); (3 is inverse temperature: (3 = 1/T. 

It is important to note that due to the boundary conditions it is not pos- 
sible to apply the gauge A = 0. Indeed, let us consider a field configuration 
when Aq = const and Ai are arbitrary gauge fields (i = 1, 2, 3). If we try to 
gauge off the constant gauge field A : 

A' = U{t)A Q U\t) + ~U(t)d tf(t) = 0; 

g 

U(t) = e - i9tAo ; (2) 

then the boundary conditions for spatial components of gauge fields will be 
changed: 



A' i (t = f3,x) = U(t 


= p)Mt 


= (3,x)U\t 


= P) 


= U(t 


= p)M* 


= 0,x)U*(t 


= 0) 


= U(t -- 


= (3)A'At- 


= 0,x)U j (t -- 


= 0)- 



where A^ = A®t a , t a is a generator of a gauge group, g is a coupling constant. 

It is possible to keep the periodic boundary conditions only in the case 
when [t a , U(t — (3)] — for any generator t a of a gauge group. It means that 
the theory is invariant under the gauge transformations TP(t = 0,x)U(t = 
fl,x) belonging to the center of the group. The center of the SU(N) group 
is Z^r-discrete subgroup and the boundary conditions are unchanged under 
discrete shifts of gauge fields corresponding to the gauge transformations 
from the center of the gauge group. In the case of SU(2) gauge group the 
shift is — ► v4q + irT/g. It is important to note that the theory is not 
invariant under a general shift of the gauge field which does not correspond 
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to the gauge transformation from the center of a gauge group. It means 
that the effective potential for temporal component of the gauge fields is not 
trivial when T^O. The effective potential V e ff_ (Aq) has a periodic structure 
and Z^-symmetry can be formulated in terms of the order parameter: 

L( x ) = ^-VTr (j9 J o A (t,x)dt^ . 

here V means P-ordering. 

It was shown that one- and two-loop effective potentials have global 
minima where 

„■ 2-7rra 

<L(x)>=e l — . (5) 

General proof of this statement has been made in ||. 

These minima are degenerated and correspond to the different but physi- 
cally equivalent states of the Euclidean gauge theory with fields in adjoint 
representation. Fields in fundamental representation break Z^-symmetry 
and Z^-minima are not more degenerated. 

It was a very attractive idea to interpretate such local minima of the 
effective potential as metastable phases of a hot gauge theory and to use 
the decay of such states in cosmology ||. This interpretation of the local 
minima was strongly criticized [||] and it was pointed that this interpreta- 
tion leads to a conclusion that it may exist physical metastable states with 
negative entropy. This remark is very important but it is not enough to 
exclude the existence of the states where the whole entropy is positive. The 
absence of such "metastable states" has been demonstrated in 2-dimensional 
Schwinger model ||. However this conclusion may be a specific property of 
2-dimensional systems. 

So, it is clear that we have to find a clear physical interpretation of such 
minima in the case of a simple 4-dimensional model. Below we give a physical 
explanation of the so-called "metastable states" in the case of U(l) gauge 
theory at finite temperatures with two type of charged particles. The main 
conclusion which can be made from this model is that the correct expression 
for partition function is a sum of partition functions near minima of the 
effective potential. It means that there are no negative entropy and negative 
specific heat for these systems: they are just negative corrections to the 
entropy and specific heat. It is also demonstrated that it is not correct to 
consider < L > as an order parameter which confirms argumentation of ||. 
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At the end of the paper we consider 2 — d Schwinger model at finite tem- 
peratures. It is demonstrated that in this model the effective potential for the 
constant filed has a periodical structure in contrast to the effective potential 
for variable gauge fields. That is a property of 2-dimensional systems. 

2 Partition Function and Order Parameter 

Let us start our consideration from the formal derivation of eq.(|l]) in the case 
of U(l) gauge theory. For simplicity we consider a compact 3-dimensional 
space. The partition function of a gauge theory in the gauge A Q = has the 
following form: 

Z = J2< n\e- 6t \n > 

n 

~ J T>A{DE{Da,e~ fo dt $ d3x ( H + iE i d o A i+ ia ( d i E i- e p)- ieA di) ^ 

where H = \{E 2 + B 2 ) is a Hamiltonian; Ei = d$Ai are electric fields; 
Bi = ^eijkdjAk are the magnetic fields; p is a charge density, ji is an electric 
current, e is an electric charge. 

The partition function (|6]) has the Gauss law constraint: 

f Vae'tf ttJ^&Ei-p) ~ s[diEi - ep\. (7) 

After integration by parts in eq.(^) of the term with diEi it is not difficult 
to show that in the case of compact space the partition function has a form 
of Euclidean gauge theory with periodic boundary conditions imposed on the 
gauge fields: 

Z = J VA ll e--fo dt I d3x (^- ieA ^^) (8) 

where = d^A v — d u A^ is a strength tensor, and A = a. This formula 
can be obtained in the case of nonabelian gauge theory with a replacement 
dp -»• Dft = 9^ - igA^. 

One can represent a-field in the following form: 

a(t, x) = a (t) + a x (t, x) (9) 
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where fields «o and a x belongs to different orthogonal functional subspaces. 
It means that any field configuration a x (t,x) is orthogonal to an arbitrary 
function a and: 

d 3 xa x (t,x) = (10) 

The integration in the a -subspace leads us to a conclusion (in the case of 
compact x-space case) that 

J Vaoe* fo dt J ' ^xaoidiEi-ep) 

= J Pa e" ie ^^ iao(tWl ' t) ~ S[e J d 3 xp(x,t)] (11) 

which means that only neutral states gives nonzero contribution. 

Let us consider the order parameter (||) in the case of U(l) theory with 
light electrons (T 3> m) where m is a mass of particles with charge e. 

Taking into account the 5-function ( ]H| ) we can conclude that the average 
value for the order parameter with a charge e/2 is equal to zero: 

< L(A (x) >=< Vexp ^ A (t,x)dtj >= 0, (12) 

because of the fact that the presence of the Wilson line in the path integral is 
equivalent to consideration of a system with one heavy particle with a charge 
1/2 and it is not possible to create a neutral system with one particle with a 
charge 1/2 plus any large but finite number of particle with charge 1. 

In the imaginary time formalism one can reproduce this result only in the 
case if we make Ao-integration in the whole functional subspace cto- in high 
temperature limit we can apply saddle point approximation near the points 
where < L >= ±1: 

<L>= Z(L)/Z = Z(L l Ao=0 + gW^gVf = o. (13) 

Za =0 + ZA =2nT/e 

Here 

Z(L) = J VA /1 L(A ) exp (- J P dt J d'x-^A (14) 
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Due to the Z2 symmetry (in terms of the order parameter L with semi- 



integer charge) this result is exact. The relation (13) does not mean that we 
have a confinement but it is just the consequence of the neutrality condition 
Q = J d 3 xp(x) = 0. 

So, it is clear that it is not correct to consider the value < L > as an 
order parameter. It confirms argumentation of || that instead of < L > the 
asymptotic of the correlator 

< L(x)L\0) (15) 

can be considered as a correct order parameter of a theory. 

Note that to obtain the correct result < L >= for the Wilson line with 
an arbitrary fractional charge one have to sum up over all minima of the 
effective potential. Only in this case it is possible to obtain the correct result 
for the partition function. 

It is easy to construct a model with so-called "metastable state". It is 
U(l) model with two types of charged particles: the first particles have a 
mass m -C T and integer charge e and the second ones have a mass M ^> T 
and semi-integer charge e/2. 

The order parameter < L > with semi-integer charge is not equal to zero 
because of the presence of the massive particles with charge e/2. The neu- 
trality condition in this case means that only states with odd numbers of 
particles with charge e/2 give nonzero contribution into the partition func- 
tion. It is clear that the order parameter < L > will be suppressed by a 
factor ~ e~ m l T 

It is possible to reproduce this result in the imaginary time formalism: 



< L > 



Z(L)a =0 + Z(L)A =2nT/e 

Za =0 + ZA =2TrT/e 
Za =0 ~ ZA =2-n-T/e 
Za =0 + ZA =2wT/e 
d 3 k 



VJ ___ e - m . t (16) 

where V is 3-dimensional volume of a system. This result is exact in the limit 
when / jf^g-v^+A/VT ^ V^ 1 . Nonzero result for in ( |l6l) appears due to 

the difference for a free energy at A Q = and A = n/(e(3). It is important 
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to note that the correct result ([16]) for the partition function can be obtained 
only after integration over the all values of Aq. 

According to the neutrality condition only the states with even numbers 
of heavy particles give nonzero contribution to the partition function. It 
is possible to check that the total contribution of heavy particles into the 
partition function in present model has the following structure: 

Z = ~[Z(0) + Z(l) + Z(2) + ..] + [Z(0) - Z(l) + Z(2) + ...] 

= Z(0) + Z(2) + ... (17) 

where Z(n) is a partition function of the system with n-heavy particles, and 
the first term of eq.(|T7j) in square brackets corresponds to Aq = minimum 
of the effective potential and the second one to the local minimum of the 
potential where < L >= —1. 

Note that one of the term of eq.([Ij]) looks like a partition function of 
particles with a wrong statistic. The same wrong statistic in distribution 
functions appears in the case of nonabelian theory with matter in fundamen- 
tal representation || . So it becomes clear that the physical sense of this local 
minimum: it is not a metastable state with such wrong statistic but only the 
correction to the partition function. 

However there is a possibility to interpritate these states as a metastable 
phases of a theory in the case when the compact coordinate is chosen in a 
spatial direction. In this case such domain walls can be considered as physical 
objects because in this case we do not consider a sum over all physical states 
which is essential in the case of a hot gauge theory. 

3 Schwinger Model 

In Schwinger Model we are able to determine the thermodynamical properties 
exactly. 

The partition function has the following form: 

Z = J VA fl V^V^e-^ dt I dx (i F2 ^+^) ] (is) 

where D = 7 M (<9 At - ieA^). 
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The simplest way to find the effective action for gauge fields in this 
model is to apply the local axial transformation: 

tp(t,x) -> e*»* t > !B ty(t,x) 

$(t,x) ^^{t,x)e il3(t>it ' x) (19) 

The determinant of fermions after the transformation (|19"D have the following 
form: 



where 



debiD All -»• detiD A > (20) 



A'^A^+'-e^d^x). (21) 



The strength tensor of the A'^ field is 



i 



F flu = F^--d 2 cj ) (t,x) (22) 



So, it is clear that if we choose that 

~02 



0(t,x) = 4-F (23) 



where F = ^e^F^ then the determinant will be equal to the determinant 
of free fermions in the presence of a constant gauge fields with zero strength 
tensor. 

It means that the determinant is 

det(iD) A „ = det(it)) A ^ =const J (24) 
where J is the Jacobian of the axial transformation ( |19|) (anomaly): 

J = e i Sf£ dt f* BF * (25) 



It is important to remark that the constant mode of the is excluded. 

It was noted in the Introduction that we can not gauge away the constant 
gauge field. Thus, after integration over fermion fields the partition function 
(|I"8D have the following form: 



Z = Z F (A = const) /pV' J>/ *^ + '^ 



(26) 
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where Zp is a partition function for fermion field in the presence of constant 
gauge field with F = 0. 

It is possible to rewrite the eq.(^) in more suitable form by adding the 
auxiliary scalar field 0: 

Z = Z F (A = const)Z B \m = 0,0 ^ const) J VA^e' fo dt I Hi^+^+U^ 2 )) 

where Zb is a partition function for a free massless boson field and the 
constant mode of field is excluded. Otherwise, the integration over this 
constant mode leads us to a conclusion that the topological charge of the 
system is equal to zero: 

J 13 dt J dxF = (28) 

Now let us go back to the eq. (pop . Let us try to find the effective potential 
for the field A (x). The effective potential for the constant part of this field 
has a periodic structure and comes from Zp(A ) only: 

e 2 

V eff (A = COnst) = — (Al)\ mod 2nT/e (29) 

At the same time the exact result for the effective potential of the nonzero 
modes of the field A (x) has no a periodic structure and can be obtained 
from effective Lagrangian: 

e 2 

V eff (A + const) = -A 2 (30) 

7T 

It is a specific property of 2 — d theory. In the case of 4 — d theory this 
factorization property is absent. 

4 Conclusions 

The main question considered in present paper is the physical sense of so- 
called "metastable states" in hot gauge theories. It was shown that in 4 — d 
QED such local minima of the effective potential can not be treated as a 
physical states. The only sense of such minima is a way to remove charged 
states from the consideration. It was shown that in the case of the simplest 
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U(l) theory this conclusion can be proved exactly. It was demonstrated that 
we have to integrate over all values of static Aq fields to obtain a physical 
result. It has been shown that the mean value of Polyakov operator can 
not be considered as an order parameter. It confirms an argumentation of 
Ref.0. 

We have to emphasize that a simple naive picture of the confinement- 
deconfinement transition in terms of transitions of A Q gauge field from one 
minima to another is not correct. The counter-example is the U(l) 4 — d 
model where it was shown that at low temperatures when these transitions 
are not suppressed and the "order parameter" is equal to zero. This zero value 
for < L > means just the absence of charged states at low temperatures and 
can not be treated confinement. 

In the case of the Schwinger model all results can be obtained exactly. It 
was demonstrated that the periodic structure of the effective potential is a 
property of a constant nondynamical mode of the gauge field A only. The 
effective potential for the nonconstant gauge fields has no periodic structure. 

These two examples clearly show that it is not correct to consider local 
minima of the effective potential as metastable phases of theory at finite 
temperatures. Nevertheless such a minima of effective potentials may appear 
in gauge theories with one compact space coordinate. In this case these 
minima of the effective potential can be considered as real metastable states. 
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